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Abstract 

■ An approach for calculation of transition form factors of hydrogen-like elemen- 

' tary atoms (EA) is proposed. A general formula for bound-continuous transition 

form factors of EA is derived. It is shown that these form factors can be repre- 
sented in the form of finite sum of terms with simple analytical structure and may 
', be numerically evaluated with arbitrary degree of accuracy. As an application of the 

^ . presented form factors, the calculation of the spectra of products from EA ionization 

is considered. 
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1 Introduction 

O ; 

The problem of calculation of transition form factors from bound to unbound states of 
'"q ■ hydrogen-like atoms [1] has a long history [2-4]. Nowadays, this problem became of great 
importance for the interpretation of the data of DIRAC experiment at CERN which aims 
j> | to observe hydrogen-like EA 1 [5] consisting of tt^ and/or tt t /K t mesons (dimesoatoms) 
^ , and measure the lifetime of tt + tc~ atoms (A 27T ) with accurace of 10% [6-8]. 

The usual approach to this problem is based on the decomposition of continuum wave 
functions into infinite series of partial waves and calculation of transition form factors from 
initial bound state to final continuum state with definite value of angular momentum [4] . 

In this approach only finite number of terms of infinite series are taken into account in 
actual calculation leaving unsolved the problem of estimation for contribution of omitted 
tail with infinite number of terms. 

We would like to show in this paper that above mentioned transition (bound to contin- 
uum) form factors of hydrogen-like EA may be explicitly calculated without decomposition 
of final state into infinite series of partial waves. 

The plan of the paper is as follows. First of all in Section 2 we shall prove this 
statement for the simplest case when orbital momentum of bound state is equal zero, i.e. 



Elementary atoms A a i, are the Coulomb bound states of two elementary particles. One can enumerate 
here A 2e , A efJi , A 2 ^, A e7T , A^, A 27T , A^ K , A KK . 
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we restrict of ourselves with initial nS'-states. The generalization of this consideration 
for the case of arbitrary initial states will be done in Section 3. Finally in Section 4 we 
compute the spectra of 7r + 7r~ pairs from ionization (dissociation) of as an application 
of the presented form factors. 



2 Transitions from n5-states 

We define the transition form factors with the help of the following equation: 



(1) 



where ipi(f) are the wave functions of initial (final) states of hydrogen-like atoms, q is the 
transferred momentum. 

For the case when % = nOO = nS 



UJ 



3\ 2 



— exp(-u;r) • <E>(-n + 1; 2; 2ur) 



TV 



UJ 



3\ 2 



— ra 1 exp(-cur) • L^_ 1 (2a;r) , 



7T 



(2) 



where u = fia/n; /i is the reduced mass and a = 1/137 is the fine structure constant; <£> 
is the confluent hypergeometric function and L£ are the associated Laguerre polynomials. 
The wave function of the final (continuum) state must be choose in the form [10] 



ipf(r) — ipp ^ = c*- -* exp(ipf) ■ $ 1, —i(pr + pr)] , 
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Now we use recurrence relation for the Laguerre polynomials [11] 



L x +\x) = - (k + \ + l)Lti(z) - (* + l)Lj(x) 



x 



and their representation with the help of the generating function 



L$(x) = AW (1 - ^)- (A+1) exp 



xz 



z-l 
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where operator A^ is defined as follows: 
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Then 



z) 1 exp [— uj(z)r] 



ou(z) = UJ 



1 + z 
1-z 



The substitution of Eqs. (42) and (28) to (21) gives 



n) 



(1-Z) 



$ l,i(pr + pr)} exp[i(q — p)r — u(z)r] . 
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The last integral is easily calculated using integral representation for the hypergeo- 
metrical functions (see e.g. [13]). 
The result reads 



-a 



J(q,p, z) = Att[uj 2 (z) + A 2 ]- 1+i « [[uj(z) - ip} 2 + q 

— * 

where A = q — p. 

Taking into account the definition (29) and obvious the relation 



A<»> [zf(z)\ = A^fiz) , 

(9) may be rewritten in the form 

S p - noo (q) = -4(tt ■ (A?) - 2A1- 1 ) + Af- 2 )) (/;. , 

£>! = (1 + z 2 )(uj 2 + A 2 ) - 2z(A 2 - uj 2 ) , 
D 2 = (u- ip) 2 + q 2 - 2z{q 2 - p 2 - to 2 ) + z 2 ({uj + ipf + q 2 ) . 
Using the definition of the Gegenbauer polynomials [11, 12] 

oo 

(l-2xz + z)- x = j:cl X) (x).z k , 

k=0 



it is easy to obtain 



D -l+it = (A 2 + ^2)-!+* £ C^^V) • , 

fc=0 

A 2 -cu 2 



■u = 



A 2 + uj 2 ' 
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V = 



q 2 — p 2 — lu 2 



^[{oj — ip) 2 + q 2 ][{u) + ip) 2 + q 2 } 



(uo + ip) 2 + q 2 
\ (u — ip) 2 + q 2 ' 

At least, with the help of the relations 

n 

A^lf\(z)f 2 (z)] = £ [^r k) h{z)\ [A<*>/ 2 



fc=0 



and 



r(A - |)r(n - 1 + 2A) „(A-*,A-i 



T(2A - l)r(n + A - |) 



(a), 



where Pi X 2 ' A 2 ''(a;) are the Jacobi polynomials, we finally obtain 
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Thus, the result of the calculation for transition form factors of hydrogen-like atoms 
for the case nS'-continuum transitions is expressed in terms of the classical polynomials 
and may be easily evaluated numerically with arbitrary degree of accuracy [14]. 



3 General case 

In the previous Section it have been shown that the form factors of transitions from 
nS (raOO) - states of hydrogen-like atoms to the state of continuous spectra with definite 
value of relative momenta p may be expressed in the terms of the classical polynomials 
in a rather simple way. Below this result is generalized for the case of transition from 
arbitrary initial bound states. 

The transition form factors are defined as follows: 

S fl (q)= J r f (r)e^U^d 3 r , (21) 

Here, V'if/) are the wave functions of initial (final) states. 

According to [15] (see also [10]), the final state wave function must be choose in the 
form 

^(rO = Vnoo(f) ■ (22) 
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For arbitrary initial bound state 



*l>i(r) = ipnim(r) = Y lm f - J R„i(r) , 



(23) 
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where I^jLi are the associated Laguerre polynomials. 
Making use of the recurrence relations [11, 12] 

Ll + \x) = - [(k + X + - (fc + 1)^1 



x) 
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and the representation of the Laguerre polynomials in terms of the generating function 



-(A+l) 



where operator is defined as follows 
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let us rewrite the radial part of initial state wave function in the form 



tin! — 

r 



T(n - I) 
nT(n + l + 1) 



{2ur) 1 ■ (n + l)A 



(n-l-2) 



(n - /)A^'- 1) 1 (28) 
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1 - z)'^ exp (-uj(z)r)] , 

u(z) = uj ■ (I + z)(l - z)- 1 (29) 

more convenient for the further calculations. 

Then it is not difficult to see that transition form factors (21) may be represent as a 
linear combination of the quantities 



x exp[i(q — p)r ' — uo{z)r}{2uor) 1 exp [— uo(z)r] , 



(30) 



(31) 
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j = n — I — 2, n — I — 1 . 



In order to calculate (31), it is useful to represent the hypergeometrical function in 
(23) in the form 

$[i£,V,i(pr + pr)] = - t)~* ■ exp[i • t(pr + pr)]dt . (32) 

2m J 



Using the following relations 
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where 



t = q — p(l — t), u = u(z) — ip ■ t , 
after simple calculations we find 



J im {q,p,z) = - — i dt{- 



2ixi 



c 



' 1 ' ' (r 2 +w 2 )'+ 1 



It is easy to check that 



t 2 + uj 2 = a(l -t) + c-t, 
a = u 2 (z) + A 2 , c = [u(z) - ip] 2 + q 2 . 
Further, according to [16], we get 



(33) 

(34) 
(35) 

(36) 
(37) 



(38) 



Y, 
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Taking into account (38) and (39), it is easy to see that (37) is the superposition of the 
quantities 

1 -t)-**-' 1 ( 



2™ 7 [a(l-t) + ct]' +1 
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= a-^ r(1 r( f_ + ^ } h) F ft, l + l;l-h + l;l- c/a) 

= a^'- 1 c-^ r(1 ~f + l ~ h) F - Zi; Z - Zl + 1; 1 - fl /c) 
r (! - O 

-a c r(z + i)r(i-iO 1,K ' 7 J 
_ yv-iV- m + g )r(z 1 + i) ^ 

= n _ z ^ +2 fr-i v- m + sWl + 1} 

1 1 J r(Zi-s + i)r(i£-z + s)r( s + i)r(z + i) 

where Di^ are defined as follows: 

£>i = (f + z 2 )(lo 2 + A 2 ) - 2z(A 2 - uj 2 ) , (42) 

D 2 = (to- ip) 2 + q 2 - 2z(q 2 - p 2 - u 2 ) + z 2 [(u) + ip) 2 + q 2 } . 
The further calculations are the same as in the Section 2. 

Omitting the simple but cumbersome algebra, let us present the final expression for 
transition form factors: 
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Hnis{p, q) = (n + l)F ni i s (p, q) - (n - l)F n2ls (p, q) ; 
ni — n — I — 1 , n2 = n — I — 2 ; 
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(43) 
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^ r(wi (2 ) - k + 21 - 2s + 1 - 2tQ (i- fl -i-ig, t - a+ i-^) 

r(m (2) -ife + z- a + |-<0 ni(2) " fe W ' 



Thus, the form factors for transition from arbitrary bound states of hydrogen- like 
EA to the "p — state" of continuous spectra are represented as the superposition of finite 
number of terms with simple analytical structure and can be also calculated with arbitrary 
degree of accuracy. 

Eqs. (43)- (46) are the basic results of this study. They are the generalization of the 
results of Section 2 and Refs. [3] . 

4 Applications 

The mentioned above results are necessary for the calculations of the spectra of products 
from A w + W - /An±KT ionization which is/will exploited to observe A n + n - / 'A„±k^ atoms 
and to measure its ground state lifetime [6,9]. 

These spectra may be represented and computed as 

- a{n ^T^ = J d 2 qa (q) [S^ nlm (p, q x ) - S^ nlm (p : q 2 )\ , (47) 

qui! _ qm 2 , , 

Qi = Q2 = — j^-, M = mi + m 2 , (48) 

/2 \ 2 

MQ) = [4j {[Z ~ F el {q)f + ZF inel (q)} , (49) 
F el (q = 0) = Z. 

Here, o"(„; m ->p) is the cross section of dimesoatoms for transitions from \nlm) states to 
continuum; Sf yn i m is the corresponding transition form factor; are the masses of the 
7r =l= and n T /K T mesons; a is the fine structure constant; F e i(q) and Fi ne i(q) are the elastic 
and inelastic atomic form factors of the target atom respectively, Z is its atomic number. 

The results of such calculations are illustrated by Figures 1,2. In these Figures mo- 
mentum (p) and angular (9) distributions 

-^Mp- = 2nSm9p ^r- (50) 

in 7r + 7r~ pairs from dissociation of 7r + 7r~ atoms in the Coulomb field of target atoms are 
shown for the initial states of A 2lv with principal quantum numbers n — 1 (Figure 1) and 
n = 10 (Figure 2). 
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Figure 1: Spectrum of pions from ionization of atoms. 
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